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w 1. The analysis  of a two-fluid two-dimensional  s t r eam is based on the Rakhmatulin model of a two- 
velocity and two- tempera ture  continuou~ medium in which the rea l  flow is replaced by a mutually penetrating 
]!low of two interacting continuous media [1-8]. 

The initial s ta t ionary problem for the analysis of the flow for a given nozzle contour is replaced by a non- 
s tat ionary problem, i.e., a buildup process  is used to obtain a s tat ionary flow picture. The nonstat ionary sub- 
.and supersonic flow equations are  equations of hyperbolic type. As a resul t  of neglecting the part icle volume, 
the s ta t ionary equations of par t ic le  motion a re  also of hyperbolic type. 

The sys tem of equations has the f o r m  [2, 4, 6] 

0 0 8 
or---7 (YP) + ~ (gin)+ ~ (yn) ----- 0; (1.1) 

+ o 

+ C, imp (u~ - u) + np (Vp = v)l}; 

= - -  2p . ] ,  ..... -- flu; irt= flY; 

and for the par t ic le  "gas" 

~-7 (ymp) a + ~ (ynp) = 0; 

0x \ pp / 

o-7\ op ] + ~ \  o~ ) = u ~ - 0 P ( T - - T P ) ;  

Qp = ppTp; m p =  flpup; n p =  ppvp. 

(1.2) 

All the quantities in (1.1) and (1.2) are  dimensionless:  The linear dimensions are  r e f e r r e d  to the radius 
of the nozzle cr i t ical  section r , ,  the velocity projections of the gas u ~ and v ~ of the part icles  with subscript  p 
are  r e f e r r e d  to the speed of sound of the gas a , ;  the magnitudes of the density p0, p r e s su re  p0 tempera ture  T c, 
enthalpy H ~ and energy E ~ are  r e f e r r e d  to the corresponding quantities at the stagnation tempera ture  T o in the 
fo rechamber ;  the t ime t o is r e f e r r e d  to the quantity r . / a . ,  and the specific heat c~) is r e f e r r e d  to the gas con- 
stant R. 

It is assumed that all the pa rame te r s  ac ross  the initial section of the nozzle are  distributed uniformly 
and are  obtained f rom a computation of the one-dimensional  equilibrium two-phase s t r eam without part icle  lag. 
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Moreover ,  homogeneous dis t r ibut ions of the enthalpy H and entropy S a r e  a ssumed ,  and the t r a n s v e r s e  veloci ty  
component  v va r i e s  l inear ly  along the radius  for  the gas.  The density pp  is constant  for  the pa r t i c les  and de-  
pends on the r e l a t ive  weight concentrat ion z: 

for  x =x0, 0 _<y _<. ~ (x o) 

Z 
U p = U ,  v p = v ,  T p = T ,  P P ' : P i - - z '  

where  ~ (x) is the equation of the nozzle  contour.  

The nonpenetra t ion condit ion is posed for  the gas on the nozzle  wall: 

for y=(~(X)'andX0~X<~XcJ n = m d ~  ~(z)" 

No re f lec t ion  is a s s u m e d  for  the pa r t i c les  at the wall,  and no additional conditions a r e  imposed.  

On the axis  of s y m m e t r y  
for y = 0  and~o~X~Xr . , ,  

Om/Oy = Om,/Oy = Op/Oy = OE/Oy = O T y O g  = O p p / O y :  0 n = O, n p =  O. 

A region  of pure  gas a p p e a r s  nea r  the wall  because  of pa r t i c les  lagging behind the gas.  The par t i c le  
l imit  line was s6ught by means  of the equation dF dx = np /mp  in the domain 0 _<y __< F(x), x 0 _<x ~ x  c. 

The buildup method for  the gas equation becomes  superf luous for the supersonic  region of the nozzle ,  
s ince the s t a t ionary  equations a r e  of hyperbol ic  type. The s ta t ionary  s y s t e m s  of equations for  the gas and 
par t i c les  (1.1), (1.2) were  solved in this region.  The solutions for  x =Xc, obtained f r o m  an ana lys i s  in the 
supersonic  domain, are  the input p a r a m e t e r s  for  these  equations.  

To solve the s y s t e m s  of equations p resen ted  above,  the independent va r i ab l e s  a r e  t r ans fo rmed .  In the 
s y s t e m  (1.1) 

t =  t, x = x ,  ~ = y/5( x),  

and in Eqs. (1.2) 

t = t, x =  x,  , = y / r ( x ) .  

This t r an s f o rm a t i on  excludes the appearance  of nonregula r  nodes reducing  the a c c u r a c y  of the computa -  
tion in a solution using a f in i te -d i f fe rence  scheme.  

The t r a n s f o r m e d  s y s t e m s  of equations were  wri t ten in d ivergent  fo rm.  Thei r  numdr ica l  solution is based  
on the MacCormack  two- s t ep  dif ference scheme  [9, 10], which is a p r e d i c t o r - c o r r e c t o r  scheme of second-  
o r d e r  a ccu racy  in space  and t ime  on smooth  solutions.  This scheme  pe rmi t s  a thorough computat ion of s ingu- 
l a r i t i e s  of shock wave and r a r e f a c t i o n  wave type if the initial different ial  equations a r e  wri t ten  in divergent  
fo rm.  

If the t r a n s f o r m e d  s y s t e m s  of equations a r e  wr i t ten  in vec tor  f o r m  

0f 0F 0G 

where  f,  F, G, and H a re  vec to r s  with components  dependent on the p a r a m e t e r s  being computed,  then the two-  
s tep MaeCormack  dif ference schemes  can be r e p r e s e n t e d  in the following fo rm:  

for  a nons ta t ionary  s y s t e m  
f ( n + l )  D f n  : A t  ( F n  F n  ~) ~At G n  - -  G ~ , i _ l  ) - -  A t  H e'" ( i , j  - -  n . " �9 

p+i i[p f(~.+~)' A-At tF(~+t)" F (n§176 iAt(G(~+~)' G (n~-~)'~ -- At --i,~ ], i,i = y  i , i +  i,~ Ax ~ i + l , j -  i,i / - - X - ~  i , i + i -  i,i ] "H(~'+l)~ 

for  a s t a t ionary  s y s t e m  

Ax (Gis+i --  G~5) - -  Ax. Hi j ;  

l Ax 
F~+i5 = -'U [Fi5 + F(i+t)o,,- "h--~ (G(*+i)o,j- G(*+t)o.j-i)- Ax. H(~+l)oj]; 
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for the limit line equation 

[ ~ n p  
r(~+,), = r ,  + h x  , - - / ;  

,[ (-,) ] r~+~ = -~- r~ § r(~+~)~ § hx  ~ 
P (i-{-i) o 

w 2. Boundary- layer  growth is considered to take account of the viscous interaction with the walt during 
two-phase nonequil ibrium s t r eam flow in a nozzle.  A turbulent boundary layer (TBL) is assumed on the nozzle 
wall. The boundary- layer  charac te r i s t i c s  are  determined on the burned up (entrainable and displaceable) rough 
mult i layered nonstat ionari ly  heated surface  around which flows the two-phase nonequilibrium multicomponent 
gas mixture which goes into chemical  react ion with the wall material .  The analysis is performed using the 
method of [11] by solving the integral equations of the momenta,  the energy,  the conservation of the components 
in the react ing mixtures ,  and the nonstat ionary heat-conduction equation ac ros s  the ax i symmetr ic  channel walls. 
The approach proposed in [12] was used to close the turbulent boundary- layer  equations. 

The method of computing the turbulent boundary- layer  charac te r i s t i c s  [11] permits  taking account of the 
nonstat ionari ty of the heat elimination in the wall, the a rb i t r a ry  distribution law of the wall t empera ture  along 
the s t r eam and in t ime, the step entrainment of the wall mater ia l  along the length of the nozzle profile,  and the 
roughness  of the mater ia l  of the s t reamlined surface.  

The method of computing the quasis ta t ionary TBL is based on the following assumptions.  

1. The turbulent boundary layer  s tar ts  f rom the initial channel section being computed. 

2. The nonstat ionar i ty  of the process  is taken into account by solving the heat-conduction equation at the 
wall by finite differences.  The wall t empera ture  T w determined f rom the solution in each t ime interval At is 
the boundary condition for a computation of the TBL pa ramete r s  in the quasis ta t ionary approach. 

3. Quantities on the wall, obtained f rom a computation of the two-phase two-dimensional  nonequilibrium 
s t ream,  are  pa ramete r s  on the outer boundary- layer  limit. 

4. The influence of the condensed phase on the heat-  a n d m a s s - t r a n s f e r  and friction p rocesses  in the 
boundary layer  is taken into account in t e rms  of the average  values of the thermal  conductivity, specific heat, 
enthalpy, molecular  weight, and the nonisothermy and blowing parameter ,  respect ively .  

5. Entrainment of the e ros ion- res i s t an t  mater ia l s  (ERM) and the heat shields (HS), consist ing of ablating 
mater ia ls  on the basis  of macromolecu la r  compounds [13, 14], occurs  because of their  thermal  decomposition 
and the chemical  erosion of the coke res idue  [15]. 

6. The Prandtl  Pr,  Schmidt Sc, and Lewis Lenumbers  equalone. Diss imilar i ty  of the frict ion and heat- and 
m a s s - t r a n s f e r  p rocesses  is taken into account by means of the integral re la t ions for the boundary layer  and the 
fr ict ion and heat-exchange laws. 

7. Roughness of the mater ia l  surface  is due to its ablation. The roughness is assumed sandy in its 
s t ruc ture ,  cor responding to a class  of coatings [16]. 

The integral  equations of the momenta,  energy,  and conservat ion of the components for the boundary layer 
in an ax i symmetr ic  burning-up (with a t r ansve r se  s t r eam of substance) channel are  writ ten in the form 

d R e * *  R e * *  duo Re** dr o c i 
- -  - R e L - ~ - ( t  + bl), (2.1) dz ~ -u -~g ( l+g )+ - -w-  ,.o ~Zz-- 

* *  0 0 1 d (BeT r Ah ) = ReLSt (i ~- bl), r~ o dx 

i d (Reg.rOAkO) = ReLStg (t ~- bl), 
r0Ak 0 dx 

where the differences between the enthalpies Ah ~ and the reduced concentrat ions Ak ~ [15] a re  taken over the 
boundary- layer  thickness Ah ~ =h~  * o o o , Ak =ko-kw;  the penetrabil i ty pa ramete r  is b 1 = 2]w/p oUoCf; r ~ is the 
running radius of the channel; and the fr ict ion cf and heat-  and m a s s - t r a n s f e r  (St, Stg) coefficients are  defined 
in t e rms  of the re la t ive  quantity ~I, 

cl = cio~ , St = StoT , Stg = Stog~. 
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The f r ic t ion laws for s tandard conditions have the f o r m  

o.o2~ {~__~0 .25 for he**.<< 3.10L 
% = ~ k~oo] 

O,Ol31 ( ~ t  0'25 
cZ~ = ~ ~000/ for Re** > 3.  t0 S. 

The heat -  and m a s s - t r a n s f e r  laws a re  
0.0t28 (~tw ~0.25 

0.0128 (Pw~ ~ S t o g _ _ _ _ _ ~ \ ~ o o  ] 
St~ = Re~.*0.25p~ 0.75 ~,~000] I 

where  Re** ,  Be T,  Be** a re  the Reynolds numbers  over  the th icknesses  of the loss of momentum, energy,  and 
diffusion; /~ is the viscgosity of the two-phase mixture ,  which depends on the t empera tu re  according to the 
Sutherland formula;  and the subscr ip t  w r e f e r s  to p a r a m e t e r s  at the wall and the subscr ipt  00, to stagnation 

pa rame te r s .  

The re la t ive  f r ic t ion law ~I, for  conditions of taking account of the factors  l is ted is used in the f o r m  of the 
following approximate  dependence: 

, r =  - bet j ( 2 . 2 )  

The cr i t ica l  penetrabi l i ty  p a r a m e t e r  is 

bcr = (bet, " bcr,/bcr,)T~' ,.125 t(l + r + •i)(t + '2)1~176 (2.3) 
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F o r m u l a s  (2.2) and (2.3) approx ima te  the r e su l t s  of a n u m e r i c a l  computat ion to 3% accu racy  for an a r b i t r a r y  
change in the p a r a m e t e r s  

and the Mach num ber  M. Evaluation of b c r  i is p e r f o r m e d  according to [17]. 

Each fac tor  of (2.2) takes  account  of the r e s p e c t i v e  influence of the following fac to r s :  the noniso thermy 
~a~ ~ inhomogeneity of blowing $ 2, ~3; the t r a n s v e r s e  s t r e a m o f  subs tance  because  of t h e r m a l  decomposi t ion b G 

en t ra inment  of its coke r e s idue  bc; influence of compre s s ib i l i t y  (M is the Much number) ;  and roughness .  
But a s imple  mult ipl icat ion of the influence of the per turb ing  fac to r s  noted by the re la t ive  f r ic t ion coefficient  
does not denote the i r  addit ive effect;  in te r fe rence  occurs  here.  

For  example ,  the genera l ized  non i so the rmy p a r a m e t e r  r 1 is defined in t e r m s  of the ra t io  between the 
enthalpy of the gas mix tu re  on the wall  t~v and the stagnation enthalpy h ~ ,  where  b~v depends on the compos i -  
tion and quantity of gas  blown into the boundary layer  b 1 =b G +b c because  of t h e r m a l  decomposi t ion of the wall 
m a t e r i a l  and e ros ion  of the coke res idue ,  as well  as f r o m  the t he rma l  effects  of the chemica l  r eac t ions  oc-  
cu r r ing  on both the wall  su r face  and within the ma te r i a l  during its pyro lys i s  [11]. The blowing effect is i tself  
taken into account  by the th i rd  m e m b e r  in (2.2). The second m e m b e r  of this equation again takes  account of the 
inhomogene[ty of the gas blown into the boundary l ayer  as compared  with the s t r e a m  on the outer  boundary-  
l ayer  l imit .  The influence of roughness  is manifes t  in t e r m s  of the height of the p ro tube rances  [the las t  
m e m b e r  in (2.2) ], but, on the other  hand, this influence va r i e s  as the noniso thermy,  blowing, and compres s ib i l i t y  
p a r a m e t e r s  change. The descr ip t ion  of the mutual  influence under the combined effect  of the different  f ac to r s  
could be continued. 
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The las t  m e m b e r  in (2.2) takes  account  of the influence of rouglmess  on the f r ic t ion  coefficient  ~I, r = 
Cfr/C f. The su r face  roughness  is given in t e r m s  of the c h a r a c t e r i s t i c  Reynolds number  Be k =p 0u0k/p0, 
wr i t ten  over  the height of the p ro tube rances  k. The p a r a m e t e r s  in this fac tor  a r e  calculated as follows: 

k + ku. = B e k ~  - I / r  ctr Pw (2.4) 

6+ = ~176 
v w ] / 2  Po 

/ Y  ( ) 6** t c! 
--E = - - ~  - ~- i  2 - - 2 + P ,  

* k - - i M s  /' 0 Where ~t = 0.4, C = 5.5, ~ 1 -  hw/hw,  ~=r---~. , .  r w ,  u ,  is the dynamic veloci ty ,  and ~wis the  kine - 
mat ic  v i scos i ty  in (2.2) and (2.4). 

The function @r is de te rmined  by success ive  approx imat ions ,  where  the su r face  is a s s u m e d  smooth  ~I, r = 1 
as the f i r s t  approximat ion ,  cf =Cfs is taken for  the smooth  su r face ,  and cf =Cfr for  a rough sur face  with identi-  
cal  number  Re* *. This  r e f e r s  to the de te rmina t ion  of the quanti t ies 5 +, 5,  6 ,  *. 

A nons ta t ionary  heat -conduct ion equation (without taking account of the sp read ing  along the wall) 

cy-~= 0 r \  ~ j  T o~" (2.5) 

is solved to take account of the nons ta t ionary  heat e l iminat ion in the mul t i l aye red  cyl indr ica l  wall .  The f ini te-  
d i f ference  scheme  of this  equation for  va r i ab l e s  of the t e m p e r a t u r e  of the t he rmophys i ca l  p rope r t i e s  of the 
m a t e r i a l s  is wr i t ten  in [11]. A condition of the th i rd  kind bo r rowed  f r o m  [18] is the boundary condition on the 
unentrainable  wall  and on the en t ra inable  wall  up to the beginning of the erosion.  After  the beginning of en- 
t r a inment ,  a constant  en t ra inment  t e m p e r a t u r e  T w [11], de te rmined  with the heat  of reac t ion  of t h e r m a l  de-  
composi t ion of the m a t e r i a l  in a n a r r o w  front ,  the heat  of chemica l  r eac t ions  on the boundary with the two- 
phase  s t r e a m  in the  diffusion reac t ion  mode,  and a lso  the t he rmophys i ca l  p rope r t i e s  of the m a t e r i a l s  taken into 
account,  is se t  for  the ent ra inable  m a t e r i a l s .  The initial  t e m p e r a t u r e  dis tr ibut ion over  the wall  thickness  is 
given. The conditions of equal t e m p e r a t u r e s  and heat f luxes a r e  imposed at the junction of two m a t e r i a l s .  

The magnitudes of the th icknesses  of en t ra inment  and of the coke l aye r ,  the heat  f luxes at  the wall,  the 
loss  of specif ic  impulse  by f r ic t ion,  the t h e r m a l  s ta te  of the wall ,  etc. ,  in t ime  a r e  de te rmined  by the a l t e rna te  
solution of (2.5) with (2.1) when using the p a r a m e t e r s  on the outer  bounda ry - l aye r  l imi t ,  which were  obtained 
f r o m  the s y s t e m  (1.1), (1.2) for  the t ime  in terva l  in which the p roces s  is cons idered  nonsta t ionary .  The p a r a m -  
e t e r s  of the two-phase  flow with the change in prof i le  (TBL cha rac t e r i s t i c s )  a r e  f inally re f ined  by succes s ive  
approximat ions ,  and then the pa s s age  to a new t ime  in te rva l  is rea l ized .  

w 3. Computat ions were  p e r f o r m e d  by  the method elucidated for  the nozzle  contour shown in Fig. i for  
the following mix tu re  p a r a m e t e r s  in the p r e c h a m b e r :  P00=43 a tm,  T00=3450~ weight f rac t ion  of pa r t i c les  
z =0.32, k=1 .19 ,  and par t i c le  d i ame te r  dp=2 p. The init ial  nozzle  prof i le  is shown by the solid line, and the 
final prof i le ,  d is tor ted  because  of en t ra inment  of the wall  m a t e r i a l ,  is shownby the dashed l ine;  while the 
dashed-dot  l ines a r e  the l imi t  l ines for  the pa r t i c l e s  in the initial and final prof i les .  The Much number  d i s -  
t r ibut ion a c r o s s  the nozzle  for  the different  sec t ions  1-5 (see Fig. 1) in the supersonic  par t  is shown in Fig. 2. 
A h igh-veloc i ty  and l o w - t e m p e r a t u r e  pure  gas region,  ex t rac ted  well  by this computat ional  scheme ,  appea r s  
nea r  the wall.  The pa r t i c l e  ve loc i ty  is l e s s  than the gas veloci ty ,  and the m a x i m u m  lag is obse rved  in the 
domain of highest  ve loci ty  grad ien ts ,  i .e. ,  in the superson ic  domain.  

The Much number  dis tr ibut ion along the nozzle  length is shown in Fig. 3. The magnitudes on the nozzle  
wal l  and axis ,  r e spec t ive ly ,  a r e  noted by l ines 1 and 1" for  the initial prof i le  (without erosion) by means  of a 
computat ion for  a two-phase ,  two-d imens iona l  nonequi l ibr inm s t r e a m ,  while curve  1' is for  an equi l ibr ium 
mix tu re  accord ing  to a one-d imens iona l  ana lys is .  As the nozzle  prof i le  is d i s tor ted  because  of en t ra inment  of 
the wal l  m a t e r i a l  (t o v a r i e s  f r o m  0 to 70 sec) ,  the gasdynamie  s t r e a m  p a r a m e t e r s  at  the wall  v a r y  s t rongly  f o r  
a two-d imens iona l , two-phase  p rob lem (curves 2 and 3) at  the si te of the appearance  of a s tep  on the juncture  
between the unentra inable  and ent ra inable  m a t e r i a l s .  Init ial ly ra refac t ion ,  then a c o m p r e s s i o n  shock,  and la ter  
in te r fe rence  during interact ion with the s t r e a m  core  occur  in the region of sudden nozzle  prof i le  expansion 
because  of the erosion.  The intensi ty of local  f luctuations in the gasdynamic  p a r a m e t e r s  grows with the in- 
c r e a s e  in the e ros ion  (curve 2 at t~  sec and curve  3 at t~  sec).  These  p a r a m e t e r  changes do not r e a c h  
the s t r e a m  axis  in p rac t i ce  (curves 1"-3" at the app rop r i a t e  t imes) .  Changes in the Much number s  for  a one-  
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dimensional  equi l ib r ium computat ion of the initial prof i le  (curve 1,) and one d is tor ted  because  of ent ra inment  
(curve 3' at  t~  sec) a r e  r e p r e s e n t e d  here .  

The change in the gasdynamic  p a r a m e t e r s  r e su l t s  in a cor responding  change in the quantity of the en- 
t r a inmen t  along the nozz le  length, r e p r e s e n t e d  in Fig. 4, where  curves  1-3 c h a r a c t e r i z e  l inear  eros ion of the 
nozzle  prof i le  at the t imes  10, 34, and 70 sec  with the flow of the two-d imens iona l  two-phase  nonequil ibrium 
mix tu re  taken into account,  while the coi :responding dashed curves  a r e  for one-d imens iona l  equi l ibr ium gas -  
dynamics .  This  is r e l a t e d  to the change in s t r e a m  p a r a m e t e r s  on the watl  (see Fig. 3). It mus t  be noted that 
these  pecu l i a r i t i e s  of wall  m a t e r i a l  en t ra inment  with the two-dimens ional  and two-phase  gasdynamies  taken 
into account  duplicate the r e s u l t s  of expe r imen t s  well.  

A change in the b o u n d a r y - l a y e r  d i sp lacement  th ickness ,  which v a r i e s  sl ightly because  of nozzle  wall  
heating and en t ra inment ,  is shown by curve  4 in Fig. 4. It is seen that the change in the initial prof i le  to the 
nozzle  exit  is s ignif icant  because  of the b o u n d a r y - l a y e r  d i sp lacement  th ickness  and is c o m m e n s u r a t e  with the 
th ickness  of the ent ra ined m a t e r i a l  (this must  be taken into account). 

Additional l o s ses  in the nozzle  specif ic  impulse  AI, shown by. curve  1 in Fig. 5 for  the ent ra inable  nozzle  
with the rough  wall ,  by cu rve  2 for  an ent ra inable  nozzle  with a smooth wall,  and by curve  3 for an unentra in-  
able nozzle  with a smooth  wall ,  appea r  because  of nozzle  prof i le  dis tor t ion (displacement  and ent ra inment  
th icknesses) .  It is seen that AI grows as the thickness  of the entra ined m a t e r i a l  i nc reases  (curves 1 and 2). 
Roughness  in t roduces  an addit ional  quantity because  of d i sp lacement  th ickness .  The d isp lacement  th ickness  on 
the smooth  wall  without en t ra inment  for  this prof i le  r e su l t s  in negligible additional l o s ses  in the specif ic  im-  
pulse ,  c o m m e n s u r a t e  with the a c c u r a c y  of the computat ions.  Losses  of the specif ic  impulse due to f r ic t ion 

f r ic t  with (and without) the two-d imens iona l i ty  and nonequi l ibr ium taken into account a r e  shown in Fig. 6 
(,curves 1 and 2 a r e  the eroded rough and smooth  nozzles  according  to two-d imens iona l  gasdynamics ,  r e s p e c -  
t ively,  and 1' is the rough eroded nozzle  accord ing  to one-d imens iona l  gasdynamics) .  Roughness inc reases  the 
loss  of specif ic  impulse  by f r ic t ion.  

The influence of nons ta t ionar i ty  of the nozzle  wall  heating p roce s s  is obse rved  in Figs.  3-6. This  in- 
f luence is e spec ia l ly  not iceable  for  smal l  nozzles  ( large r e l a t ive  wall  thickness)  and the i r  shor t  operat ing 
t imes .  Not taking account  of the nons ta t ionar i ty  and the bounda ry - l aye r  growth in such si tuations is espec ia l ly  
f raught  with g rea t  e r r o r s .  The complex  p r o b l e m  presen ted  p e r m i t s  obtaining much useful information on 
taking account of the influence of d ive r se  fac to r s  on the individual loss  components  of the nozzle  specif ic  im-  
pulse ,  the two-phase  flow p a r a m e t e r s ,  and the bounda ry - l aye r  cha r ac t e r i s t i c s .  

L I T E R A T U R E  C I T E D  

1. Kh. A. Rakhmatul tn,  ,, Pr inc ip les  of the gasdynamics  of mutual ly  penet ra t ing  motions of c o m p r e s s i b l e  
media , "  Pr ikl .  Mat. Mekh., 2__0_0 ' No. 2 (1956). 

2. A . N .  Kraiko and L. E. Sternin,  "On the theory  of the flows of two-veloci ty  continuous media  with solid 
and liquid pa r t i c l e s , "  Pr ikt .  Mat. Mekh. 29, No. 3 (1965). 

3. L . P .  Vereshehaka ,  A. N. Kraiko,  and L. E. Sternin, ' ,Method of c h a r a c t e r i s t i c s  to compute supersonic  
gas flows with fore ign  pa r t i c l e s  in plane and a x t s y m m e t r i c  nozz les , "  in: Repor t s  on Applied Mathematics  
[in Russian] ,  Vychisl .  T s en t r ,  Akad. Nauk SSSR, Moscow (1969). 

4. R . I .  Nigmatulin,  "Methods of the mechanics  of a continuous med ium to desc r ibe  mul t iphase  mix tu res , "  
Prikl .  Mat. Mekh., 34_, No. 6 (1970). 

5. A . N .  Kraiko and R. A. Tkalenko,  "On the solution of the d i rec t  p rob lem of Laval  nozzle  theory  for  a 
superson ic  mix tu re  with sma l l  pa r t i c le  lag,"  Zh. Pr ikl .  Mekh. Tekh. F iz . ,  No. 4 (1973). 

6. I . M .  Vasenin and A. D. Rychkov,  "Numer ica l  solution of the p rob lem of a gas and par t i c le  mix ture  in an 
a x i s y m m e t r i c  Laval  nozzle ,"  Izv. Akad. Nauk SSSR, Mekh. Zhidk. Gaza,  No. 5 (1973). 

7. L . E .  Sternin, Pr inc ip les  of the Gasdynamics  of T w o - P h a s e  Flows in Nozzles [in Russian] ,  Mashinos t ro-  
enie, Moscow (1974). 

8. R . E .  Hoglund, "Recent  advances  in g a s - p a r t i c l e  nozzle  flows," ARS J. ,  322, No. 5 (1962). 
9. R . W .  MacCormack ,  "The effect  of v i scos i ty  in hyperve loc i ty  impact  crater ing, , ,  AIAA Paper  No. 69-354 

(1969). 
10. R . W .  MaeCormaek ,  "Computat ional  eff iciency achieved by t ime  spli t t !ng of f in i te -d i f ference  opera tors , , ,  

AIAA Paper  No. 72-154 (1972). 
11. E . G .  Zaulichnyi,  "Fr ic t ion ,  heat t r a n s f e r ,  and ma te r i a l  en t ra inment  in the turbulent  boundary layer  of a 

c o m p r e s s i b l e ,  h igh-enthalpy gas under conditions of essent ia l  noniso thermy,  blowing, and negat ive p r e s -  
su re  gradient ,"  in: Heat  and Mass T r a n s f e r  [in Russian] ,  Vol. 1, Pt. 1, Izd. ITMO Akad. Nauk Be lo rus -  
SSR, Minsk (1972). 

329 



12. S.S.  Kutateladze and A. I. Leont ,ev,  Turbulent  Boundary Layer  of a Compres s ib l e  Gas [in Russ ian] ,  Izd. 
Sibirsk. Otd. Akad. Nauk SSSR, Novos ib i r sk  (1962). 

13. V . A .  Shvab and V. A. Loshkarev ,  "Some quest ions of the investigation of abla t ive  rup tu re  of m a c r o -  
molecu la r  heat shie lds ,"  Fiz.  Goreniya Vzryva ,  No. 6 (1973}. 

14. V . A .  Loshkarev  and G. G. Tivanov,  "Invest igat ion of some  phys icochemica l  p r o c e s s e s  in c h a r r e d  l aye r s  
of ablat ing hea t - sh le ld  bodies ,"  Fiz.  Goreniya Vzryva ,  No. 1 (1975}. 

15. A . I .  Leont 'ev ,  l~. P.  Volchkov, and E. G. Zauliclmyi,  "Determinat ion  of the wear  of wall  m a t e r i a l  in a 
turbulent  boundary  l ayer  because  of chemica l  e ros ion  with additional injection of an iner t  inhomogeneous 
gas through an ent ra inable  su r face  under essen t i a l  non i so the rmy conditions,,, Inzh . -Fiz .  Zh . ,  17, No. 1 
(196 9}. 

16. D . E .  Nes le r ,  "Heat  t r a n s f e r  in a c o m p r e s s i b l e  turbulent  boundary  l ayer  on a rough su r face , "  Raketn.  
Tekh. Kosmonavt . ,  9, No. 9 (1971). 

17. A . I .  Leont 'ev  and E. G. Zaulichnyi,  "Determina t ion  of the r e l a t ive  hea t -and m a s s - t r a n s f e r  coeff icients  
and the c r i t i ca l  separa t ion  p a r a m e t e r s  for  a turbulent  boundary layer  with inhomogeneous blowing under 
non iso thermy condit ions,"  Inzh . -F iz .  Zh., 19, No. 4 (1970). 

18. Beck,  , N u m e r i c a l  approximat ion  of a convect ive boundary condition," Tep loperedacha ,  Ser. C., 84, No. 1 
(1962). 

O N E - D I M E N S I O N A L  P U L S A T I O N  O F  A 

C A V I T Y  IN A C O M P R E S S I B L E  L I Q U I D  

V. K.  K e d r i n s k i i  

T O R O I D A L  G A S E O U S  

UDC 532.5.013.2 +534,222.2 

Let us d iscuss  within the f r a m e w o r k  of the acoust ic  approximat ion  the p rob lem of the pulsation of a 
toroidal  cavi ty  fo rmed  as  a r e su l t  of the explosion of a r i ng - shaped  explosive charge  on condition of the fulfi l l-  
merit of the inequality a >>R, where  a =const  is the rad ius  of the to rus  and R is the rad ius  of the cavity.  At the 
s a m e  t ime  the c ro s s  sect ion of the toroidal  cavi ty  p rac t i ca l ly  p r e s e r v e s  the shape of a t rue  c i rc le ,  as the ex-  
pe r imen ta l  data show, during a single pulsation per iod when a ~- 10aR, and during a single ha l f -per iod  of pu lsa-  
tion when a ~- 10~R.. (R.  is the rad ius  of the charge) .  The p rob lem of the pulsation of a gaseous torus  in an 
incompress ib l e  liquid has  been d i scussed  in [1]; however ,  it does not offer the possibi l i ty  of evaluating such an 
impor tant  p a r a m e t e r  as the m a x i m u m  radius  of the expanding cavi ty ,  and consequently,  the energy  distr ibution 
among the detonation products  and the shock wave in the case  of an explosion with axial  s y m m e t r y .  

The solution of the indicated p rob l em  is f raught  with many difficult ies,  in pa r t i cu la r ,  the complexi ty  of the 
solution of the wave equation. The re fo re ,  it is n e c e s s a r y  f i r s t  of all  to find a method of cons t ruc t ing  an equa-  
tion of one-d imens iona l  pulsat ion which would p e r m i t  s impl i fy ing  the p rob lem posed. Since an express ion  for  
the veloci ty  potential  can be found for  a number  of spat ia l  potential  p rob lems  of an ideal incompress ib le  liquid 
in the case  of specif ied a s sumpt ions ,  an a t tempt  to use it for  the t rans i t ion  to acoust ic  models  is natural .  The 
prac t icab i l i ty  of this method is shown below in the example  of the construct ion of the equation of one -d imen-  
sional pulsat ion of bubbles.  

w 1. Let the veloci ty  potential  in the case  of an incompress ib le  liquid have the f o r m  ~ =~ (t)/f(r). Then its 
acoust ic  ve r s ion  can be r e p r e s e n t e d  as ~ =r  ( t - r / c  a)/f(r). Since potential  flow of a liquid u =-Vq~ is being 
d iscussed,  where  u is the veloci ty  of a fluid pa r t i c le ,  then 

u = r 2 "~- r  (1.1) 

where  the p r i m e  denotes a der iva t ive  with r e s p e c t  to [ = t - r / c  0. The C a u c h y -  Lag-range integral  with the 
f o r m  of ~ taken into account can be wr i t ten  as  

r - / ( o ~  ~- u2/2), (1.2) 
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